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What is a Semi-Analytical Satellite Theory?

• Cowell Equations of Motion

• Semi-Analytical Satellite Theory

– Equations of Motion for the Mean Elements

3
( , , )x x Q x x t

r

µ
′′ ′= − +

�� ��� � � �

Consultancy in Aerospace Systems,
Spaceflight Mechanics, &

Astrodynamics
LLNL DSST-2.ppt

PJC 9/27/2011

– Equations of Motion for the Mean Elements

– Analytical Expressions for the Short-Periodic Motion
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What is a Semi-Analytical Satellite Theory? --
Short-Period Motion Formulas

• Zonal Harmonics (closed form)

• Tesseral m-Dailies (closed form)

∆ai
= Ci ,0

+ Si ,0 (L − λ ) + Ci ,k cos(kL) + Si,k sin(kL)[ ]
k=1

2 N+1
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• Tesseral Linear Combination Terms

• Lunar-Solar Point Masses (closed form)
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What is a Semi-Analytical Satellite 
Theory? – State Transition Matrix

• Semi-analytical Theory for the Partial 
Derivatives
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What is a Semi-Analytical Satellite 
Theory? -- Interpolator

• Interpolator Structure

– Hermite Interpolators for the mean elements

– Lagrangian Interpolators for the Fourier coefficients in the 
short-periodic expansions

– Hermite interpolators for the mean element state transition 
matrix and the mean element partial derivatives
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– Position and Velocity interpolators for dense output grids

• Interpolator Strategy

– Construct the first set of interpolators

– Use until the output request time is outside the current 
interpolator interval

– Construct interpolators for the next interpolation interval



1992 TOPEX Along-Track Position Fit Errors – SST/POE
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Least Squares Fit of SST Theory to 
TOPEX Orbit – Along-Track Fit Errors
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Time (In 12 min intervals)
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Semi-analytical Orbit Propagator

• Analytical 
Averaging:
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• Numerical 
Averaging:

International Symposium on Orbit Determination and 
Propagation, Lille, France
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Expansion of the Geopotential in 
Equinoctial Elements

• Expression in spherical harmonics relative to the ECI frame

– radial distance, latitude, and longitude

• Rotation of the spherical harmonics to the equinoctial 
orbital frame

– Jacobi polynomials replace the Kaula inclination functions

– stable recursion formulas are available in the mathematical 
literature
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• Products of radius to a power times sin or cos of true 
longitude (and multiples) are expanded as a Fourier series 
in the mean longitude

– Modified Hansen coefficients replace the Kaula eccentricity 
functions

– stable recursion formulas due to Hansen (1855) were 
rediscovered in the astronomical literature

– Jozef Van Der Ha translation of the Hansen manuscript to English 
(1978)



Rotation of the Spherical Harmonics

• Generating function

•  where (for m > 0)

Pnm (sinφ)e
jmα =

(n − r)!

(n − m)!r=−n
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Hansen Coefficients

• Generating Function

• Recursion Relation employed in Tesseral Resonance
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• Special Case (t=0;  zonal harmonics)
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Modified Newcomb Operator Expansion

• Standard Expansion 

• New Expansion
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Convergence for the set of Hansen 

coefficients           at e = 0.7 with 

relative accuracy 1.0D-5

Xt

n,s

n s t N Y
-3 0 1 17 6
-3 2 1 9 9
-4 -1 1 20 7
-4 1 1 20 7
-5 0 2 22 6
-5 2 2 23 7
-6 -1 1 25 6
-6 1 1 26 5
-6 -1 2 25 7
-6 1 2 25 7



Semi-analytical Theory -- Analytical 
Averaging Software Architecture
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Semi-analytical Theory -- Analytical Short-
Periodic Model Software Architecture

Consultancy in Aerospace Systems,
Spaceflight Mechanics, &

Astrodynamics
LLNL DSST-13.ppt

PJC 9/27/2011



SPZONL Inputs and Outputs

• Subroutine SPZONL( COSC, SINC, NMAX, LMAX, KMAX)

• COSC is the output array of cosine coefficients in the true 
longitude expansion

• SINC is the output array of sine coefficients in the true 
longitude expansion
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longitude expansion

• NMAX is the input maximum power of (Re/a)

• LMAX is the input maximum power of the eccentricity

• KMAX is the input maximum power of exp (iL)

• The slowly varying portion of the mean equinoctial element 
set



SPZONL Example Output
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Short-Periodic Coefficient Interpolator Errors
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*These errors are the position errors caused by errors in the interpolated coefficients
For the 2 lambda short-periodics.  The stepsize is the interval between successive 
interpolation points.



Truncated J2
2 Modeling in DSST Leads to 

Errors for Eccentric Orbits

Inclination
(degrees)
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J2-squared closed form development

• J2-squared contributions to the averaged equations of 
motion
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• The Fi’s are the RHS of the osculation equinoctial element 
equations of motion



Outline for J2
2 Modeling Enhancement for DSST

• Develop closed form expressions for J2 disturbance potential 
functions using Zeis’ maxima blocks

– Fischer (1998),  updated in 2011

• Develop closed-form solutions to VOP equations of motion (F 
functions) using Zeis’ maxima blocks

– Fischer (1998),  updated in 2011

• Determine partials of F functions with respect to orbital 
elements 
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• Determine partials of F functions with respect to orbital 
elements 

– analytical approach

– finite difference approach for testing

• Determine the first order zonal periodic function C and S 
coefficients using Slutsky’s SPZONL routine

• Develop summations of the products of the first order zonal 
periodic functions with the partials of the F functions

• Average the summations over the fast variable



TOPEX External Reference Orbits

• Intensive tracking

– Satellite laser ranging

– Differential GPS

– DORIS on-board device (TOPEX)

• Very precise force models

– JGM-2 70x70 Gravity Field

– Lunar-Solar Point Masses 
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– Solid Earth Tides

– Atmosphere Drag (Jacchia-Roberts density) 

– Solar Radiation Pressure (Conical Model)

– Earth Radiation Pressure

– Ocean Tides

– Rotational Deformation

• 15 cm maximum error, over the whole orbit (TOPEX)

– NASA Goddard, University of Texas, CNES



Semianalytical Satellite Theory Modeling 
of the TOPEX Orbit

• Dynamics

– Mean Element Equations of Motion

50 x 50 Geopotential (truncated JGM 2)

Lunar-Solar Point Masses

Atmosphere Drag (Jacchia-Roberts)

Solar Radiation Pressure

Solid Earth Tides (solar & lunar terms)

– Short Periodic Terms
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– Short Periodic Terms

Zonals, Tesseral M-dailies, Tesseral Linear Combinations

J2 / Tesseral M-daily Coupling

– Integration Coordinate System – Mean of J2000.0

• Solve-for Vector

– Mean Equinoctial Elements

– Solar Radiation Pressure Coefficient

– Drag Coefficient



Least Squares Fit of SST Theory to TOPEX 
External Reference Orbit – Radial Fit Errors
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Least Squares Fit of SST Theory to 
TOPEX Orbit – Cross-Track Fit Errors
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1992 TOPEX Along-Track Position Fit Errors – SST/POE
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Least Squares Fit of SST Theory to 
TOPEX Orbit – Along-Track Fit Errors
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Sirius 24 hr Elliptical Orbit Ground Track
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DSST and USM Mean Semi-Major Axis 
Time Histories (Sirius Case)
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Preliminary DSST Calibration for GPS orbits
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GPS Mean Semi-major Axes, 30 year 
Evolution
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Conclusions

• We have described a comprehensive semi-analytical 
satellite theory that uses the mean equinoctial variables as 
the fundamental constants

• Extensive force modeling – 50 x 50 geopotential, third-body 
point masses, solid Earth tides, drag, solar radiation 
pressure

• The theory has been tested against a variety of data – most 
recently SLR and precise GPS solutions
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recently SLR and precise GPS solutions

• The theory has proven to be portable to a variety of 
computer platforms, operating systems, and organizations 
– currently employed under Linux

• The theory is the basis of the Aerospace Corp MEANPROP 
program

• The mean equinoctial elements have proven advantageous 
in Orbit Determination applications – Batch Least Squares, 
Extended Semi-analytical Kalman Filters (ESKF), BSESKF



Conclusions -- Limitations

• Accessibility – currently thru the Linux GTDS R&D or the 
DSST Standalone programs

• Current J2-squared eccentricity truncation

• Fortran 77 source code limits accessibility to modern 
computer hardware concepts such as Graphical Processor 
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computer hardware concepts such as Graphical Processor 
Unit (GPU)



Future Work

• Partially address accessibility through Web access to the 
DSST Standalone (Astrodyn Web framework)

– Presentation next week by J.F. San Juan (U. Rioja) at the IAF 
IAC in Capetown

• Evolve the current source code to more modern Fortran 
(90, 95, or 2003)

• Develop an Object Oriented DSST code – C++, JAVA
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• Develop an Object Oriented DSST code – C++, JAVA

• Develop an Open Source DSST capability

• Review early work on parallel algorithms to take advantage 
of the new computer hardware

• J2-squared development

• Evolve the state transition matrix capabilities

• Arbitrary central body capability
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